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Abstract 
To increase the number and improve the geometric condition of visual satellites of GPS in complex environment of mine areas, GPS and 
pseudolite (PLs) positioning technologies will be integrated in this paper. Integration of GPS/Pseudolites(PLs) positioning technology can be 
applied to increase the number of visible satellites, strengthen the intensity of the geometry condition of the satellites, and provide an effective 
solution for precision measurement in the mine. However, the un-modeled systematic errors are still the main restrictive factors for high 
precision baseline solution. The Empirical Mode Decomposition (EMD)-Wavelet model was proposed for analysing non-linear time series. The 
EMD decomposes the time series to high-frequency and low-frequency part with the standards of the scale selection for the systematic errors 
elimination which is given in terms of the mean of the accumulated standardized modes, and the tendency of high-frequency part is extracted 
by Wavelet. Then low-frequency part and the tendency of high-frequency are reconstructed based on EMD theory and the systematic errors 
mitigation model is demonstrated as well. Thereafter, the scheme of the GPS/PLs baseline solution based on the EMD-Wavelet is suggested. 
The experiment shows that the proposed scheme dramatically improves the reliability of ambiguity resolution and the precision of baseline 
vector after systematic error eliminated.  
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1. Introduction 
As a new high-precision positioning technology, Global Positioning System（GPS）has been applied widely in mine 
surveying. But the complex terrain conditions of mine can be prone to block GPS signals and bring serious multipath errors. In 
order to increase the number of visible satellites, improve the geometry condition and positioning accuracy of GPS, the GPS / 
pseudolite (PLs) positioning technology was proposed by Wang (2000) and Dai (2001). However, because of the existence of 
un-modelled systematic errors (e.g: multipath error and atmospheric delay error) of GPS/PLs (He, 2007, Yang, 2004), EMD-
Wavelet extraction systematic error model was defined. The model decomposes the time series to high-frequency and low-
frequency part with the standards of the scale selection for the systematic errors elimination which is given in terms of the mean 
of the accumulated standardized modes, and the tendency of high-frequency part is extracted by Wavelet. Then low-frequency 
part and the tendency of high-frequency are reconstructed based on EMD theory and the systematic errors mitigation model is 
demonstrated as well (Wang, 2009). The scheme of the GPS/PLs baseline solution based on the EMD-Wavelet is suggested. The 
experiment shows that the proposed scheme dramatically improves the reliability of ambiguity resolution and the precision of 
baseline vector after systematic error eliminated. 
2. GPS/Pseudolites (PLs) positioning technology  
Single-Difference (SD) carrier phase observations of PLs can be expressed: 
1 2
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Where PLϕΔ is SD carrier phase observations, PLΔN denotes SD integer ambiguity, PLΔρ is SD geometric distance between 
receivers and PLs, 1
PL
RΔδt , 2
PL
RΔδt , 
PL
orbΔδ ,
PL
tropΔδ  stands for satellite clock error, receiver clock error , satellite position error and 
tropospheric delay error respectively. PLmϕΔδ  denotes multipath error and 
PL
ϕΔε is random noise. 
Single-Difference (SD) carrier phase observations of GPS satellites can be expressed: 
         1 2R R orb trop iono mc c ϕ ϕϕ λ λ⋅ = + ⋅ + ⋅ − ⋅ + + + + +Δ Δρ ΔN δt Δδt Δδ Δδ Δδ Δδ Δε                        (2) 
The symbols of equation 2   are the same as those used in equation 1, except the ionospheric delay error ionoΔδ . 
As the PLs were located close to the ground, tropospheric delay error and multipath error become more serious. The 
troposphere delay can achieve to 320.5ppm (Hein, 1997). But the troposphere delay could be weakened by calculating SD carrier 
phase observations between base station and rover station of GPS/PLs when baseline is short.  
The multipath of GPS has cyclical and repetitive characteristics, because of the GPS satellites’ continuous movements. But 
PLs transmitters were located in a fixed position, so the impact of its multipath can be regarded as constant when the 
environment remains unchanged. We defines the multipath as PLmpΔδ (Yang, 2004), and the GPS/PLs Double-Difference (DD) 
carrier phase observations solution model can be expressed as : 
1 1 1 1 1
2 2 2 2 2
PL
r mp
r
C ′= ⋅ + ⋅ ∇Δ + ⋅ +
′= ⋅ + ⋅ ∇Δ +
⎫⎪⎬⎪⎭
V A δX B N Δδ L
V A δX B N L
                                                           (3) 
Where reference satellite is GPS satellite, 1V , 2V  is DD carrier phase observations of GPS/PLs and GPS only respectively. 
C denotes n-dimensional unit matrix. PLmpΔδ is multipath of PLs which can be expressed 
as: 1 2[ ]PL PL PL PLn Tmp mp mp mp=Δδ Δδ Δδ ΔδL . 
The multipath error of PLs can be solved as follows: ①Through defining the reference satellite and using GPS/PLs 
observations, DD equations can be established, and then float resolutions of integer ambiguities can be gotten easily when the 
impact of multipath error of PLs not be considered. LAMBDA method was employed to fix the float resolutions; ②The 
ambiguity fixed solution can be treated as a known value. Then considering the impact of multipath error of PLs, the baseline 
was re-calculated, and the SD multipath error of PLs can be gotten ( Yang, 2004). 
3. EMD-Wavelet noise reduction model 
3.1. Empirical mode decomposition (EMD) 
An Intrinsic Mode Function (IMF) is defined as any function having equal number of extrema and zero-crossings (or 
differing at most by one), and also having symmetric envelopes defined by the local minima and maxima, respectively. By 
decomposing a given signal into different IMFs, the signal ( )x t  can be expressed as (Huang, 1998, Coughlin, 2004): 
1
( ) ( ) ( )
n
ni
i
x t imf t r t
=
= +∑                                                                             (4) 
Where ( )iimf t  denotes the i
th IMF components constrained to be zero-mean and ( )nr t  stands for a residual “trend”. The 
Intrinsic Modes decision is based on automatic and adaptive (signal-dependent) time-variant filtering and their high vs. low 
frequency discrimination. It applies locally and corresponds in no way to a pre-determined sub-band filtering (as, for example, in 
a wavelet transform). The effective algorithm of the EMD can be summarised as follows(Coughlin,2004). 
① Identify all extrema of ( )x t , 
② Generate envelope min ( )e t  and  max ( )e t  by interpolating the identified extrema (minima and maxima respectively), 
③ Calculate mean value with maxmin( ) ( ( ) ( )) / 2m t e t e t= + , 
④ Extract detail component with the formula ( ) ( ) ( )d t x t m t= − , 
⑤ Iterate steps ① to ④ on ( )d t  until it is zero-mean. The obtained ( )d t  is referred to as an IMF,  
⑥ Calculate ( ) ( ) ( )im t x t imf t= − , 
⑦ Iterate step ① to ⑥ on ( )m t  until no more IMFs are available. 
Further investigation of the algorithm is demonstrated below with regard to the multi-resolution standpoint. The IMF 
calculation operator and residual calculation operator are defined as ( )imfF •  and ( )residualF • , where the two operators are similar to 
high frequency and low frequency filters. Operator ( )imfF •  includes EMD decomposition steps from ① to ⑤ with the view of 
obtaining the high frequency component of the specific scale. ( )residualF •  represents step ⑥, which calculates the residual, low 
frequency component of the corresponding scale. Then, the multi-solution structure is realised by decomposing the low 
frequency step by step. The decomposition formula from the ith to (i+1)th is given as: 
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 ( )1( ) ( )ii imfimf t F m t+ =                                                                       (5) 
  ( )1( ) ( )ii residualm t F m t+ =                                                                      (6) 
And the reconstruction is expressed as: 
1 1
1 1( ) ( ( )) ( ( ))i i iimf residualm t F imf t F m t
− −
+ += +                                                  (7) 
Where, ( )1imfF − •  and ( )1residualF − •  denote the inverse operator of ( )imfF •  and ( )residualF •  respectively. 
3.2. Wavelet shrinkage noise reduction model 
 “Waveshrink” uses orthogonal wavelets to decompose a given signal and the obtained wavelet decomposition coefficients 
,j kw  (i, j represent the wavelet decomposition level and scale) are shrunk by considering threshold rules based on the idea that 
only very few coefficients contribute to the signal, which is given by Donoho (2004?). The updated wavelet coefficients ,ˆ j kw  
given with the hard-threshold and the soft-threshold noise reduction models are presented as: 
hard-threshold: 
, ,
,
,
ˆ
0
j k j k
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Soft-threshold: 
, , ,
,
,
( ) ( )
ˆ
0
j k j k j k
j k
j k
sign w w w
w
w
λ λ
λ
⎧⎪⎪⎨⎪⎪⎩
⋅ − ≥
=
<
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where 2log( ) /n nλ σ=  is a predefined threshold value, n is the length of the discrete signal. σ  can be estimated by 
ˆ / 0.6754MADσ = ，MAD is the median of the absolute deviation value. Thereafter, wavelet reconstruction algorithm is applied to 
obtain the de-noised signal. We focus on soft-thresholding noise reduction in the later proposed model. 
Several wavelet functions can be used to decompose a signal. The ‘db3’ wavelet function with support block of 5, a filter 
length of 6 and moment vanish of 3 is chosen in our study for the ‘dbN’ wavelet functions have some advantages (e.g. 
orthogonality, compacted support block, approximate symmetry) and the ‘dbN’ wavelet function can be applied to perform 
discrete wavelet transform with effectively the MALLAT fast decomposition and reconstruction algorithm;  
3.3. EMD-wavelet noise reduction model 
The noise included signal )(tx   is firstly decomposed into ),2,1( niimfi L=  standing for the IMFs of EMD results. High 
frequency IMFs selected according to later mentioned criteria are chosen for wavelet noise reduction and the trend of the signal 
)(ˆ tx  (or the nonlinear optimization estimation of the signal) is obtained with inverse EMD performance. The criteria of the scale 
selection for the systematic errors extraction is given by defining the means of the accumulated standardized modes (MSAM)  by 
the formula (Huang, 1998, Wang, 2008?): 
{ [ ] }
1
ˆ ( ) ( ( )) / ( ( ))
m
m i i i
i
h mean imf t mean imf t std imf t m n
=
= − ≤∑                                              (10) 
where )(timfi  is called the ith scale mode. If mhˆ  is obviously biased from zero, the scale m is fixed as the mark to distinguish 
the high frequency mode from the low one. And the trend of the signal can be expressed as: 
1
1
ˆ( ) ( ( )) ( ) ( )
m n
i i n
i i m
x t de imf t imf t r t
−
= =
= + +∑ ∑                                                                 (11) 
Where )(•de  denotes wavelet shrinkage noise reduction. The scheme of EMD-Wavelet based GPS baseline solution can be 
illustrated as Fig.1. 
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Fig. 1. The flowchart of EMD-Wavelet trend extraction model 
4. GPS/PLs baseline solution scheme based on EMD-Wavelet 
GPS / PLs baseline solution model can be expressed as : 
1 1 1 1 1
PL
mp sys σλ∇Δ = ∇Δ + ⋅ ∇Δ + Δ + ∇Δ + ∇ΔL ρ N δ V V                                                         (12a) 
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2 2 2 2 2sys σ
λ∇Δ = ∇Δ + ⋅ ∇Δ + ∇Δ + ∇ΔL ρ N V V                                                   (12b) 
Equation 12a is DD GPS/PLs observation equations, where 1∇ΔL is DD observations, 1∇Δρ  is DD geometric distance 
between receivers and satellites, 1∇ΔN  denotes DD integer ambiguities, PLmpΔδ is SD multipath of PLs, 1sys∇ΔV is systematic 
errors, 1σ∇ΔV is random noise; equation 12b is DD GPS observation equations and the symbols meaning are the same as 
equation 12b. 
Firstly, PLs observations are to be done the troposphere and the multipath corrections, then carry out the GPS/PLs baseline 
solution procedure and get the DD residual series of observations. The residual series reflect the systematic errors sys∇ΔV  
separate from random noise σ∇ΔV . The EMD-Wavelet model is applied to extract the systematic errors from the residual series. 
Thereafter, the DD carrier phase observations are modified by the extracted systematic errors epoch by epoch. The DD 
observation equation is recomposed and the float solution is calculated after that. Then the Lambda algorithm is used to fix the 
integer ambiguity and the final baseline solution is given at the same time. The recalculated residual series and the validation of 
integer ambiguity resolution are used to evaluate the effectiveness of the suggested scheme (Fig. 2). 
 
Fig. 2. GPS/ Pseudolites baseline solution based on EMD-Wavelet 
5. Experimental results and analysis 
The experiment was conducted using two NovAtel RT2 GPS receivers and two IntegriNautics IN200CXL pseudolite 
instruments in New South Wales, Australia, on the 20th December 2000. The two pseudolites were configured as 12# and 16#. 
The pseudolites transmitted only GPS L1 signals. The distribution of Pseudo-satellites and the stations be shown in Fig. 3.The 
distance from base station to rover station is 10.18m.In order to avoid signal interference, the RTCM recommended pulsing of 
signals at 1/11 cycle was used, and 32 dB attenuation was applied to the signal power. About 120 minutes of GPS and pseudolite 
measurements were collected with one-second sampling rate, and 1000 epochs was used. The coordinates of the two GPS 
receivers and the two pseudolite sites were precisely determined beforehand using the data collected by the GPS receivers (Table 
1). 
Table 1. The coordinates of pseudolites and stations  
 
PRN X (m) Y (m) Z (m) 
PL12 -4644230.8242 2550151.8626 -3538977.6264 
PL16 -4644216.7047 2550288.2334 -3538904.0209 
BASE -4644214.982 2550192.657 -3538966.394 
ROVE -4644213.013 2550185.908 -3538973.761 
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Fig. 3. The distributions of pseudolites and stations 
 
Fig. 4. Residuals series of DD measurement (Removed multipath of PLs) 
There are 6 satellites (PRN17,PRN 12, PRN16, PRN6, PRN15 and PRN22) are observed simultaneously all along the 
selected span. The measurements of L1 band are used and PRN 17 with the highest mean elevation angle is selected as a 
reference satellite for double-difference calculation in order to limit systematic effects. SD PLs multipath was extracted using 
previous method, and the values of 12# and 16# are 0.236cycles and 0.101cycles respectively. The residual series of DD 
observations after removal of PLs multipath errors was shown in Fig.4. there are obvious systematic errors in residual sequence.  
Each DD residual series is used to extract systematic error using the EMD-Wavelet model. Due to the space limitation, only 
the PRN17-6 residual is presented. According to EMD procedure, we obtained a eight-scale decomposition result of the residual 
series (Fig.5.)  The relationship between the means of the accumulated standardized modes (MSAM) and the scale is given in 
Fig.6. The appropriate scale for the high frequency IMFs and low frequency IMFs discrimination is 5, that is, m equal to 5 in 
equation (10). Each high frequency IMF (from IMF1 to IMF4) is de-noised with a ‘db3’ wavelet shrinkage noise reduction 
model and then the EMD reconstruction gives the extracted systematic error. Another 4 DD systematic trends are extracted with 
the same procedure (Fig.7). The extracted trend is input into the DD observation equation for baseline calculation. The re-
calculated DD residual series is shown in Fig.8, which showed stronger stochastic characteristic than Fig.4. 
 
 
Fig. 5. Multi-scale EMD decomposition of PRN17-6 residuals series of DD measurements 
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Fig. 6. Relationship between scale and the mean of standardized accumulated modes(MSAM) 
A test is also given here to prove the advantage of EMD-Wavelet model to isolate systematic errors, three noise reduction 
models are used to the data. Table 1 gives the quantitative evaluation value of the different noise reduction model. The EMD-
Wavelet model has the highest signal-to-noise ratio (SNR)and correlation coefficient(R),and lowest root mean-square error 
(RMSE) with respect to the four pairs of simulated DD series, which verify the merits of EMD-wavelet. 
The reliability index (F-ratio and W-ratio) is shown in the Table3. The values of W-ratio are obviously higher than those of 
F-ratio when EMD-Wavelet model was used to extract systematic error. 
Table 2. Quantity evaluation of different systematic error extraction models 
 
Algorithm 
System error 
Wavelet EMD EMD-Wavelet 
Simulated 
PRN17-6 
SNR 11.0322 10.1841 11.9504 
RMSE 0.0055 0.0082 0.0077 
R 0.8204 0.8256 0.8351 
Simulated 
PRN17-15 
SNR 8.1684 7.9654 8.7193 
RMSE 0.0129 0.0134 0.0126 
R 0.7259 0.7613 0.7628 
Simulated 
PRN17-22 
SNR 14.5320 14.8532 15.3588 
RMSE 0.0077 0.0075 0.0069 
R 0.8786 0.8830 0.8859 
Simulated 
PRN17-12 
SNR 13.3230 12.6457 15.2112 
RMSE 0.0050 0.0052 0.0137 
R 0.8796 0.8813 0.8824 
Simulated 
PRN17-16 
SNR 
RMSE 
R 
13.5482 
0.1410 
0.8856 
12.9635 
0.0143 
0.8723 
16.8490 
0.0135 
0.9015 
Therefore, a conclusion is that most systematic errors in the residual series have been detected and mitigated by the 
proposed baseline calculation procedure and the stability of the fixed solution of the baseline has been improved.  
 
 
Fig. 7. Systematic errors series of DD measurements 
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Fig. 8. Recalculating DD measurements residua l series 
The maximum differences of the fixed solution in x, y, z directions before and after error mitigation are 0.8mm0.8mm 
,1.4mm and 0.1mm,0.1mm,0.3mm respectively(Table4), which shows the improvement of the quality of the baseline solution as 
well. The coordinates are basically the same before and after removal of systematic errors, to some extent, shows that EMD-
Wavelet was feasible for extracting systematic error. 
Table 3. Comparison of the validation of the ambiguity resolution 
Reliability index F-ratio W-ratio 
GPS 1.32 10.61 
GPS/PLs 3.12 34.04 
GPS/PLs(multipath removed) 3.03 32.53 
EMD-Wavelet 8.13 96.49 
Table 4. Comparison of the baseline solution for different schemes 
Coordinate component X Y Z 
GPS(m)/Std(mm) 1.9801/0.7 -6.7620/0.4 -7.3560/1.1 
GPS/PLs(m)/Std(mm) 1.9405/0.7 -6.6857/0.8 -7.3804/1.4 
GPS/PLs(multipath removed)(m) /Std(mm) 1.9725/0.8 -6.7425/0.8 -7.3628/1.4 
EMD-Wavelet(m) /Std(mm) 1.9723/0.1 -6.7423/0.1 -7.3628/0.3 
Measured values (m) 1.969 -6.749 -7.367 
6. Conclusion 
For increasing the number of visible satellites, strengthening the intensity of the geometry condition of the satellites, and 
providing an effective solution for precision measurement in mine area, the paper proposed GPS/PLs positioning technology and 
used it in mine area. Meanwhile, the EMD-Wavelet model was proposed for extracting the un-modeled systematic errors. Multi-
scale decomposition and reconstruction model were defined, and the GPS / PLs model baseline solution based on EMD-Wavelet 
was given. The experiment shows that the proposed scheme can dramatically eliminate the effects of un-modeled errors, improve 
the reliability of ambiguity resolution and the precision of baseline vector. Under the complex field conditions in mine area, the 
GPS/PLs positioning technology based on EMD-Wavelet has prominent significance for mine surveying. 
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